ABSTRACT. It is well known that the structure of nontrival invariant subspaces for the shift operator on the Bergman space is extremely complicated and very little is known about their specific structures, and that a complete description of the structure seems unlikely. In this paper, we find that any invariant subspace M( {0}) for the shift operator M z on the Bergman space
INTRODUCTION AND PRELIMINARIES
One of the most famous unsolved problems in mathematics is the invariant subspace problem (cf. [5] , p.268). In the Hardy space H 2 (D), A. Beurling [3] found that every invariant subspace for the shift operator has an very elegant description. Also, his theory extends with litter change to the Hardy space H p (D) (1 ≤ p < ∞). In order to state Beurling's theorem for the Hardy space, we first recall the notion of the inner function. If φ(z) is a functional in H ∞ (D) such that | φ(e iθ )| = 1 a.e. on ∂D, where φ(e iθ ) = lim r→1 − φ(re iθ ) a.e. on ∂D, then φ is called an inner function.
Theorem A (Beurling's theorem). Every invariant subspace M( {0}) for the shift operator M z on the Hardy space H p (D) (1 ≤ p < ∞) has the form
for some inner function φ (for more details, see [3] , [4] , [5] ).
It is well known that in the first half of twentieth century, the research interest of complex analysis dipped to a low point. It was Beurling's work [3] that revived the research interest of complex analysis, and that opened a new research direction of the invariant subspace problem.
It is worth noticing that Beurling's theorem explicitly describe the specific structure of every nontrivial invariant subspace for the shift operator M z on the Hardy space 
In the topic of the invariant subspace for the shift operator on the Bergman space, the most famous result is due to A. Aleman, S. Richter and C. Sundberg [1] so far. Later S. M. Shimorin [10] and [11] found simpler proofs and extended the result of
, in which the extension of −1 < α < 0 is due to [10] , while the extension of 0 < α ≤ 1 is due to [11] . Indeed, S. M. Shimorin [10] and [11] obtained more general theorems for Hilbert spaces. Now, we state these results.
Theorem B (the Aleman-Richter-Sundberg theorem [1] ). Every invariant subspace M for the shift operator M z on the Bergman space A
where [M⊖zM] denotes the smallest invariant subspace for M z that contains M⊖zM (for more details, see [1] , [5] , [7] , [10] and [11] ).
This is an interesting result and can be regarded as a version of Beurling's theorem for the Bergman space. On the other hand, it follows from the existence result in [2] and explicit examples in [6] and [8] that the dimension of the linear subspace
in Theorem B may be any positive integer or the infinity (see also [5] and [7] ). Moreover, it is not even known how or whether the result in Theorem B might extend to A p α (D) for other values of p and α (cf. [5] p.3, [7] p.187, [10] and [11] ).
But for the nontrivial invariant subspace M for the shift operator M z on the Bergman space, very little is known about their specific structures (cf. [13] p.95). In other words, the specific structure of nontrivial invariant subspaces for the shift operator on the Bergman space has not been characterized (cf. [5] p.3).
For a long time, it has been known that the structure of nontrival invariant subspaces for the shift operator on the Bergman space is extremely complicated, and that a complete description of the structure seems unlikely (cf. [1] p.277 and [5] p.3, see also [2] , [6] and [8] ). In any case, the most intriguing topic in the theory of Bergman spaces is the structure problem of invariant subspaces for the shift operator (cf. [13] p.95).
In this paper, we find that any invariant subspace M( {0}) for the shift operator
. To a certain extent, this result characterizes the specific structure of every invariant subspace for the shift operator M z on A p α (D). To this end, we recall the basic concept of the Bergman space from [5] , [7] , [13] , which are used in the main results.
Let D and ∂D denote the open unit disk and the unit circle on the complex plane respectively. The (weighted) Bergman space
where dA α (z) = (1). If the operator M z on X is defined by
then M z is called the shift operator on X. (2) . If (M z M =) zM ⊂ M, then M is called an invariant subspace for the shift operator M z on X, or is briefly called an invariant subspace in X. 
MAIN RESULTS

It is well known that as linear spaces,
for some inner function φ.
Proof. To make a difference, the shift operator on the Hardy space H p (D) is now written as S . Then for any f ∈ H p (D), it is clear that S f = M z f , where M z denotes the shift operator on the Bergman space
We now show that M is a closed set in the Hardy space H p (D). In fact, let { f n } be any sequence in M and f ∈ H p (D) such that
, it can be obtained that → 0 inner function φ, and many invariant subspaces M for the shift operator M e iθ on the
